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The stabil i ty of a capi l lary  je t  of an e las t icoviscous  f luidwith r e spec t  to smal l  ax i symmet r i c  p e r -  
turbations is investigated theore t ica l ly  for  two rheological  models.  It is shown that p re l iminary  
tension makes  the je t  more  stable.  

The significant re ta rda t ion  of the dissociat ion of capi l lary  je ts  of e las t icoviscous  fluids as compared  
with je ts  of o rd inary  viscous fluids of comparable  v iscos i ty  has been establ ished by exper iments  [1-3]. At 
the same t ime a theore t ica l  analysis  of the stabil i ty of an e las t icoviscous  fluid je t  within the f r amework  of 
small  per turbat ion  theory  [1] gives the opposite resu l t ,  the rate of per turbat ion  growth turns out to be higher  
for  an e las t icoviscous  fluid than for  a Newtonian fluid of the same initial viscosi ty.  It is shown below that this 
contradict ion can be e l iminated if the fluid s ta te ,  s tor ing some p re l imina ry  s t ra in ,  is taken as the unper turbed 
state. This cor responds  to exper imenta l  observat ions  according to which the "hypers tabi l i ty"  of e las t ic  fluid 
je ts  is mani fes t  a f te r  the format ion  of f i laments  exper iencing s t rong ext rac t ion  [1]. 

w Let  us examine the problem of the stabil i ty of a c i r cu la r ,  initially homogeneous je t  in a q u a s i - o n e -  
dimensional  approximation which cor responds  to long-wavelength per turbat ions .  

We have the conservat ion equations 

%__L + aefv = o, (1.1) 
Ot ax 

Op[v 2 0~[ OIIa 
09fv + _ _  + -  (1.2) 
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(p is the fluid density and the x axis is d i rec ted  along the je t  axis). 

Let  us consider  two models  of an e las t icoviscous  fluid, i .e . ,  two kinds of re la t ionships  between the 
s t r e s s e s  and s t ra ins .  

Let  us init ially take this re la t ionship  in the fo rm used in [4]: 
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The single nonzero veloci ty component in the approximation under considerat ion is the longitudinal velo-  
city v 

e 

2 
0 

1 
2 ep I 

I 
- -  - -  S 

2 

2 

(1.4) 

Ins t i tu te  of Prob lems  in Mechanics ,  Academy of Sciences of the USSR, Moscow. Trans la ted  f rom Inzhe- 
ne rno-F iz ichesk i i  Zhurnal ,  Vol. 34, No. 2, pp. 243-248, F eb ru a ry ,  1978. Original ar t ic le  submitted February  
8, 1977. 

0022-0841/78/3402- 0159 $07.50 �9 1978 Plenum Publishing Corporat ion 159 



Using  the condit ion of no e x t e r n a l  p r e s s u r e  on the s ide su r f ace  of the j e t ,  we have 

- - p - -  - -  
1 1 
2 s = - - q ~ ;  p = q ~ - -  ~ -  s, (1.5) 

= - -q~  

0 
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(1.6) 

H e r e  q~ is the cap i l l a ry  p r e s s u r e .  

We consequent ly  obtain  f o r  s f r o m  (1.3) 

q ~ = a / a .  (1.7) 

k ot Ox ] ax Ox 

3 
a =  - -  s- -q~, .  

2 (1.9) 

Equat ions  (1.1), (1.2), (12) ,  and (1.9) f o r m  the fundamenta l  s y s t e m  of equat ions  of  the q u a s i - o n e - d i m e n -  
s ional  j e t  mot ion.  

Le t  us  cons ide r  sma l l  devia t ions  f r o m  the fundamenta l  s t a t e ,  c o r r e s p o n d i n g  to the s ta te  of a r e l ax ing  
" f i l ament"  f o r  which we have 

v=v0~-~O, s = s o = S ~  f = f 0 "  (1.1O) 

Le t  the p r i m e s  denote  sma l l  devia t ions  of  the c o r r e s p o n d i n g  quant i t ies  f r o m  the fundamenta l  s tate  and le t  us  
w r i t e  the equa t ions  fo r  the pe r t u rba t i ons .  We have 

_ _  Or' (1.11) of' + t o - - = 0 ,  
at ax 

O r '  1 a #  ~ oil '  ~o of' _ _ + _ . _ ,  (1 .12)  
at - p ax Fpf--~" ax Pro ax 

C =  --3 s'--q~, (1.13) 
2 

0 Os" + s' --cOs o Or' Oo' (1.14) 
o-F ~ =20 ~ ,  

00s' O~x 1 O--i- + s' 20* - -  ; •* = 11 + -~- eOs0. (1.15) 

We shal l  hence fo r th  be i n t e r e s t ed  in " fas t"  p r o c e s s e s  f o r  which the c h a r a c t e r i s t i c  t ime  r ~ 1//~ is much  
l e s s  than 0. The change in the quant i ty  s o in t ime  can hence  be neg lec ted ,  and s o and 7/* can be cons ide red  
cons tan t s  (an ana lys i s  of the s tabi l i ty  of the " f rozen"  s tate) .  

Le t  us se t  

[' = [oFe ~t cos kx, 

o' = Y~e ~t cos kx, 

q~ = Qe ~t cos kx, 

v' = Ve ~tt sin kx, 

S '  = Se I~t cos kx, 

ll' = He ~t cos kx. 

(1.16) 
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We hence  have  f r o m  (1.11)-(1.15) 

p,F+kV=O, Z= 3 S--Q, 
2 

r, F =  :zk 
P Pro P p pa 

( l+l tO)S=2rl*  kV; ~ z * = c t W a a o =  ~ aSo. 
2 

kF, (1.17) 

We finally have the relationship (a is the jet radius) 

f l  = 2 a a ,  f = r m  9., q~ = - -  o, + a ' ,  

0 = -  --~- ~ 

E l i m i n a t i n g  F ,  V, 
equa t ion  in the f o r m  

(1.18) 

~., II ,  Q, a n d S  f r o m  the r e l a t i o n s h i p s  (1.17) and (1.18), we obta in  the c h a r a c t e r i s t i c  

IX z + 3rl*/#tt = a*k----~z + ak~ (1 - -  k2aZ), (1.19) 
(1 + ttO) p pa 2ap 

which  h a s  been  ob ta ined  f o r  f a s t  p r o c e s s e s  and can  consequen t ly  be used  only to s e e k  the r o o t s  s a t i s fy ing  the 
inequal i ty  ~0 >> 1. In th is  ca se  i t  can be s i m p l i f i e d  and r e s u l t s  in the f o r m  

cz*O - -  3rl*a ~ + ak z (1--  kZaZ). 
# =  oo 

A c c o r d i n g  to the f o r m u l a s  p r e s e n t e d  above  

ct* - -  3rl*a/O = ~ as o ~ 3_._ eOso _ 311a/0" 
2 2 

We t h e r e f o r e  f ina l ly  ob ta in  

it2 = 3 ( e - -  t) s o + 211/0 k ~ + akz (1 - -  k2a2). (1.20) 
- T "  p 

The  r i gh t  s ide  of  the r e l a t i o n s h i p  (1.20) is  nega t ive  if 

3 [(8 --- 1) s o + 2~/01 > a/a. (1.21) 

T h e r e f o r e ,  if the inequal i ty  (1.21) is  s a t i s f i e d ,  f a s t - g r o w i n g  p e r t u r b a t i o n s  (with ~0 7> 1) cannot  e x i s t  and 
the g rowth  r a t e  of the p e r t u r b a t i o n s  is  on the o r d e r  of 1/0 (in o the r  w o r d s ,  v i s c o e l a s t i c  e f f ec t s  hence  con t r ibu te  
to  s t ab i l i z ing  the j e t  r e l a t i v e  to a x i s y m m e t r i c  p e r t u r b a t i o n s ) .  

L e t  us  note  tha t  a c c o r d i n g  to [4], n a m e l y ,  the ca se  e > 1 c o r r e s p o n d s  to the phenomenon  of b e c o m i n g  a 
s t r a n d  which  is  t yp i ca l  f o r  e l a s t i c o v i s c o u s  f lu ids .  

w Le t  us  c o n s i d e r  the s a m e  p r o b l e m  wi th in  the f r a m e w o r k  of the t h e o l o g i c a l  mode l  of an e l a s t i c o v i s -  
cous  f luid p r o p o s e d  by Leonov  [5]. In th is  case  a l l  the d i s t inc t ions  r educe  to wr i t i ng  the rheo log i ca l  r e l a t i o n -  
ship  d i f f e r en t l y ,  which  has  the fol lowing f o r m  in i ts  s i m p l e s t  v e r s i o n  in the Leonov mode l  [5]: 

AC/At - -  Ce - -  eC = - -  2Cep, (2.1) 

,~ + pfi = 2GO, (2.2) 

_ _  1 125) 1 1,8) __ (C_ 1 3 20% = - -  ( C - -  3 (2.3) 
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Here  C is the e las t ic  s t ra in  t enso r ,  I i and 12 are  its f i r s t  and second invar iants ,  and d is the unit tensor .  

We have for  the quas i -one-dimensional  motion under considerat ion 

ac oo - 2 a---c + v - -  - -2c  - ( c+c ' / 2 - - c - ' /~ - - c - I ) ,  
at ax ax 30 

(2.4) 

(r ----- - -  q= -{- 2C (C - -  C- ,/2); C = C,,. (2.5) 

Linear iz ing these re la t ionships  re la t ive  to the unper turbed state  (Co, a0, q0, v = O) yields  

[ ] 0o' OC' .L 2 2 C o +  3 oi/_~ 1 C~_,/~ C,=2C0_~_x 
aT" 3-T T - T ' (2.6) 

(r' = - -  q~ + 2GC' (1 -}- 1/2C~3/2). (2.7) 

Setting 

we have f rom (2A) and (2.7) 

C' = C+ e ut cos kx, V'  = Ve ut sin kx, 

IxC + -}- C+ /O * = 2CokV; 0* == 30 [4C 0 -+- 3C~/2 - - C ~ ' / 2 I  - ' ,  

(2.8) 

(2.9) 

( 1 ) 
Z = - - Q - - 2 G C  + 1-t- -~- Co a/2 . (2.10) 

fo r  the "fast"  per turbat ions .  

Comparing (2.9) and (2.10)with the las t  re la t ionships  (1.17), we see that these relat ionships agree  if 0 
and 0* are  identical and2/3Co0*G(2 + C~ 3/2) is taken as 7/*. Consequently,  we obtain the cha rac te r i s t i c  equa-  
tion in the fo rm 

/x z = (a* - -  3a,1*/O*) k2/p --}- 1__ ak  2 (1__ kZa2)/ap. 
2 

Taking account of the express ions  for  ~* and 0* and the relat ionship (2.5), we have 
3 

~t 2 = - -  2GC o (1 - -  2Co " ) ak2/9 .-{- 1-L ~zk z (1-- k2aZ)/ap. (2.11) 
2 

3 
(2.12) 2 ) a > ~  

T h e r e f o r e ,  for  sufficiently high initial tensions C O 

4C06 (1-- 2C0 

the r ight  side of (2.11) is negative for  all wave numbers  k and growth of the per turbat ions  turns out to be im-  
possible.  

w Up to now only one destabi l izing fac tor ,  the surface  tension,  was taken into account. The dynamic 
action of the a i r  can also turn out to be essent ia l  for  capi l lary  je ts  moving in a i r  at sufficiently high ve loc i -  
t ies.  Considering the a i r  motion re la t ive  to the je t  to be potential ,  then following Weber  [6] the appropriate  
cha rac t e r i s t i c  equation can eas i ly  be obtained in the long-wavelength approximation.  The component 

1 
-- (p,/p) ak3[o (ka) V 2, (3.1) 

2 

is hence added to the r ight  side of the appropriate  equation [(1.19) or  (2.11)], where Pl is the ai r  densi ty,  U is 
the air  veloci ty re la t ive  to the je t ,  f0 is the function introduced by Weber  (K 0 is the Macdonald function): 

fo (~) = - -  Ko (~)/Ko (~). (3.2) 

In the long wavelength domain ak < 1, f0 < 1. Hence,  the sufficient condition for je t  stabil ization (neg- 
lect ing capi l lary forces)  has the following respec t ive  fo rms  for  the models considered in Secs. 1 and 2: 

3 (e - -  I) s o + 6,110 > piU 2, (3.3) 

4CoG (1 - -  2C~ 3/2) a >  p , U  2- (3.4) 
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In other words,  elastic tension stabilizes the capillary jet around which air flows, with respect  to axisymmetric  
perturbations ff the "elastic" s t resses  are on the order  of the dynamic head of air. 

This last  result  should be considered qualitative since the assumption about the potential nature of the 
airflow exaggerates the effect of the air (see [7], for instance), however, it yields a cor rec t  representation 
about the necessary order  of the stabilizing s t resses .  
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is the density; 
is the viscosity; 
is the surface tension; 
is the fluid relaxation time; 

N O T A T I O N  

are the radius,  area ,  and per imeter  of the jet  section; 
,s the longitudinal coordinate; 
,s the longitudinal velocity; 
~s the axial s t ress ;  
is the s t ress  tensor deviator; 
I s  its axial component; 
is the symbol of the Jaumann derivative; 
is the strain rate tensor;  
is the pressure ;  
is the capillary pressure ;  
is the perturbation growth increment; 
is the character is t ic  time; 
is the wave number; the subscript 0 denotes the unperturbed values and the prime denotes pe r -  
turbations; 
is the elastic shear modulus; 
is the elastic strain tensor; 
is a dimensionless constant. 
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